In the article the nonstationary thermal problem of friction for two semi-spaces with taking into account their imperfect thermal contact and thermosensitivity of materials (simple nonlinearity), has been considered. The linearization of this problem has been carried out using Kirchhoff transformation, and next using the Laplace integral transform. The analytical solution to the problem in the case of constant speed sliding, has been obtained. On the basis of the obtained solutions and using Duhamel's formula, the analytical solution to the problem for sliding with constant deceleration, has been obtained, too. The results of numerical analysis are presented for two friction pairs.
INTRODUCTION
The review of analytical and numerical methods to solve the one-dimensional heat problems of friction, has been presented in the article by Yevtushenko and Kuciej (2012) . It has been established, that there are practically no solutions to contact problem involving frictional heating, which would take into account the dependence of the thermal materials properties on temperature. In articles by Abdel-Aal (1997) and Abdel-Aal and Smith (1998) the solutions to heat problems of friction in case of separate heating of the two bodies have been obtained.
The aim of this work is to obtain a solution of the contact heat problem with friction for two thermosensitive semi-spaces, which relatively slide with constant speed. It is assumed that materials properties of the bodies have a simple nonlinearity, i.e. the coefficients of thermal conductivity and specific heat are dependent on temperature and their ratio -the thermal diffusivity -is constant (Kushnir and Popovych, 2011) . For many friction materials dependence of thermal properties on temperature is linear (Gundlach, 1983 ; Abdel-Aal, 1997; Abdel-Aal and Smith, 1998; Sok, 2006) :
where:
Here and further, all values referring to the semi-spaces will have subscripts 1 and 2, respectively.
STATEMENT OF THE PROBLEM
The problem of contact interaction of two bodies (semispaces) with different thermal-physical properties is considered. It is supposed, that the constant compressive pressure in direction of z-axis of the Cartesian system of coordinates Oxyz are applied to the infinities in semi-spaces (Fig. 1 ). In the initial time moment the semi-spaces start to slide with a constant speed in the positive direction of the -axis. Due to friction the heat is generated on a contact plane . The sum of intensities of frictional heat fluxes directed into each semispaces is equal to the specific power of friction (Ling, 1973) . Because of the thermal resistance between surfaces of the bodies, the heat transfer with a constant coefficient of thermal conductivity of contact takes place.
Fig. 1. Scheme of the problem
Let us find the distribution of the transient temperature fields , in each of the semi-spaces from the solution to the following heat problem of friction: 
where, taking into account the relations (9), (10), the linear dependencies of thermal conductivity on temperature (2) express as follows:
LINEARIZATION OF THE PROBLEM
To the linearization of the boundary-value problem (11)-(16), the Kirchhoff transform has been used (Kirchhoff, 1894):
By applying the transformation (18) to the problem (11)- (16) and taking into account the relations
, we have:
,
In the assumption of linear dependence (17), from formula (18) we find the connection between the dimensionless temperature and the Kirchhoff function , in the form:
Using the approximate expansion (Nowinski, 1962) :
from equation (25) we obtain the linear dependence between dimensionless temperature and the Kirchhoff function on the surface of friction:
In accordance with relations (27) the boundary condition (22) takes the form:
Note that the linear relationship (27) between the dimensionless temperature and the Kirchhoff function takes place only on the surface of the contact. Within each semi-spaces the dependences between these variables are nonlinear and are given by equation (25).
THE KIRCHHOFF FUNCTIONS AT UNIFORM SLIDING
By applying the Laplace integral transform (Sneddon, 1972) :
to the linear boundary-value problem (19)- (21), (23), (24) and (28), we obtain the following boundary problem for two ordinary differential equations of the second order: 
The solution to the problem (30)-(34) has the form:
Applying the inversion formulae (Bateman and Erdelyi, 1954):
to the Laplace'a transform solutions (35) and (36), we obtain the Kirchhoff functions for each semi-spaces at any time moment :
At from solutions (40)- (42) we have:
The dimensionless temperature of the semi-spaces we calculate using the formulae (25) and (42)-(45).
THE KIRCHHOFF FUNCTIONS AT SLIDING WITH UNIFORM DECELERATION
At braking with a constant deceleration the specific power of friction is equal (Kuciej, 2012) :
where . In this case, the Kirchhoff functions can be found from the Duhamel formula (Ozisik, 1980) at :
where the functions , have the form (42) and (43). Substituting under the integral sign in formula (47) the functions (42), after integration we find at : 
At from the solution (49) it follows:
In limiting case from the formulae (44) and (48), (50) we obtain the Kirchhoff functions at the perfect thermal contact between the semi-spaces in the form (Fazekas, 1953) :
NUMERICAL ANALYSIS AND CONCLUSIONS
The numerical analysis for two friction pairs gray iron -A356 and A315 -A356 for , and , has been performed. The values of coefficients of thermal conductivity , thermal diffusivity of materials and values of the coefficients , which characterize changing of the coefficients of thermal conductivity and specific heat with tempera-ture, are shown in Tab. 1.
The evolutions of the dimensionless temperature on the contact surfaces during constant sliding for two friction pair, with and without taking into account the thermosensitive materials, are shown in Figs. 2: gray iron -A356 (Fig. 2a) and A315 -A356 (Fig. 2b) .
Tab. 1. Thermo-physical materials properties used in numerical analysis

Materials
Gray Iron (Gundlach, 1983) 45 For this pair of friction: gray iron -A356 (Fig. 2a) , taking into account the thermal sensitivity of the materials causes a slight increase of temperature in comparison with the temperature evolution calculated without taking into account thermal sensitivity of materials. Thermal conductivity of gray iron is three times less than the thermal conductivity of the material A356, which makes the temperature for this material on the contact surface is always greater, from the beginning of the friction process to the end. Decrease of the thermal conductivity of gray iron with temperature, causes increase in the temperature on the contact surface. A different situation can be observed in Fig. 2b , where for the friction pair A315 -A356 the evolutions of temperature are shown. Because of close values of thermal conductivity of both materials (see Tab. 1), the evolutions of the temperature on the contact surface are almost the same, whether it takes into account the thermal sensitivity or not. Increase of the thermal conductivity with temperature, reduces the temperature on the contact surface.
The evolution of dimensionless temperature on the contact surface with linearly decreasing velocity from the nominal value at the start of heating to zero during a stop (braking with constant delay) is presented in Figs. 3 .
For both pairs of friction, i.e. Gray iron -A356 (Fig. 3a) and A315 -A356 (Fig. 3b) , with the beginning of the braking, temperature on the contact surface increases rapidly, reaching a maximum value in the middle of heating time, and then begins to decrease until it reaches a minimum value at the stop time. Taking into account changes in thermo-physical properties of materials under the influence of temperature, for both pairs of friction it causes the same changes in the evolution of the temper-240 ature as in the case of constant sliding velocity. Using Duhamel's formula and obtained solution to the heat conduction problem of friction in the case of a constant sliding speed of two homogeneous semi-space, the mathematical model has been proposed to calculate the non-stationary temperature fields with a linear velocity sliding (braking with uniform delay). The solutions obtained in this article can be used as an introduction to further research on determining distribution of temperature in friction pairs, taking into account changes in their thermal properties under the influence of temperature.
Notations: -characteristic dimension;
-Biot number; -specific heat; -Gauss error function; , -coefficient of friction; -coefficient of thermal conductivity of contact; Kcoefficients of thermal conductivity; -coefficients of thermal diffusivity; -pressure; -temperature; -dimensionless temperature; -initial temperature, -time; -breaking time;
-constant speed; z -spatial coordinate. Greek symbols: -Kirchhoff's variable; -dimensionless time; -dimensionless breaking time; -dimensionless spatial coordinate; -coefficient.
Subscripts: 1 -top semi-space; 2 -bottom semi-space.
